Abstract. In this paper k is a field of characteristic 0 embeddable in C and M(k) is the category of 1-motives over k. In this paper we prove that
Introduction
In this paper k is a field of characteristic 0 embeddable in C. Denote by k the algebraic closure of k and by Gal(k/k) the Galois group of k over k. Let M(k) be the category of 1-motives over k. To each 1-motive M of M(k) we can attach
Construction of the Hodge realization of biextensions
For i = 1, 2, 3 let M i = (X i , A i , Y i (1), G i , u i ) be three 1-motives over C. The Hodge realization of the 1-motive M i is the mixed Hodge structure defined from the fibred product T Z (M i ) = Lie(G i ) × Gi X i of Lie(G i ) and X i over G i (see [D75] §10.1. Proof. This proof will be done in several steps.
Step 1: Let V C , W C , Z C be three vector spaces. Since all extension of vector spaces is trivial, according to [SGA7] Exposé VIII 1.5 we have that for i = 0, 1
C ⊗ Z C ) and therefore in the analytic category we obtain that 
Now we will prove that In this step we prove that to have a biextension of (K 1 , K 2 ) by K 3 is the same thing as to have:
a: a biextension B of (K
, pull-back of B; c: a unique determined trivialization of the biextension of (F 1 , F 2 ) by F 3 whose push-down via the inclusion F 3 −→ B 3 coincides with restriction of φ 1 − φ 2 to F 1 ⊗ F 2 We start observing that:
(
3 ) = 0 for (i = 0, 1): for i = 0 this is a consequence of the fact that a bilinear application f :
For the assertion with i = 1 we use 1.0.2 and the fact that each biadditif morphism
; F 3 ) = 0 for (i = 0, 1): for i = 0 this is a consequence of the fact that a bilinear application f :
is trivial. The proof of the assertion with i = 1 is the same as in (1).
, F 2 ; K 3 ) = 0 for (i = 0, 1): these results follow from (1), (2) and the long exact sequence
Using (3), (5), 1.0.8 and 1.0.9 (resp. (4), (5), 1.0.6 and 1.0.7) we obtain the inclusions of categories
. Therefore using 1.0.5 we can conclude. We can reformulate what we have proved in the following way: the group Biext 1 (K 1 , K 2 ; K 3 ) is isomorphic to the group of applications
Explicitly the biextension of (K 1 , K 2 ) by K 3 associated via this isomorphism to the application Φ : V Z ⊗ W Z −→ Z Z is the following one: according to step 1, a biextension of (K
In step 2 we have seen that this biextension of (K
In other words the biextension (B, Ψ 1 , Ψ 2 , λ) of (K 1 , K 2 ) by K 3 is defined in the following way: the trivial biextension
Step 3: In order to conclude we have to apply what we have proved in step 2 to the complexes
• for each 1-motive M i we have the quasi-isomorphisms
• the only non trivial condition to check in order to prove that Φ C :
respect the Hodge Filtration F * is the following one:
) is an injection. Its image consists of the biextensions (B, Ψ 1 , Ψ 2 , λ) whose restriction B to G 1 × G 2 corresponds through the equivalence of categories proved in [B] to a biextension B of (A 1 , A 2 ) by Y 3 (1):
Proof. First recall that by (G.A.G.A)
(1) corresponding to B via the equivalence of categories proved in [B] is trivial, we have that the biextension B is also trivial. Hence the biextension (B, Ψ 1 , Ψ 2 , λ) is defined through the biadditive applications
By hypothesis these applications are zero in the analytic category, and therefore they are zero. This prove the injectivity.
satisfying the condition of this lemma. We have to prove that it is algebraic. Clearly the application λ : X 1 × X 2 −→ X 3 is algebraic. By (G.A.G.A) and the equivalence of categories proved in [B] , the biextension B of (G 1 , G 2 ) by G 3 is algebraic. In order to conclude we have to prove that also the trivializations Ψ 1 :
Corollary 1.0.4. We have that
Proof. We can identified Biext 1 (M 1 , M 2 ; M 3 ) with the set of applications 2. Construction of the ℓ-adic realization of biextensions 
By definition [D75] (10.1.5), the ℓ-adic realization of the 1-motive M i is the projective limit lim
Proposition 2.0.5. To each biextension (B, Ψ 1 , Ψ 2 , λ) of (M 1 , M 2 ) by M 3 we can associate a morphism
Proof. Consider a biextension (B, Ψ 1 , Ψ 2 , λ) of (M 1 , M 2 ) by M 3 and for i = 1, 2 let m i be an element of T Z/nZ (M i ) represented by (x i , g i ) with u i (x i ) = n g i . The morphism λ : X 1 × X 2 −→ X 3 gives an element λ(x 1 , x 2 ) of X 3 . The trivializations Ψ 1 , Ψ 2 furnish 2 isomorphisms a 1 and a 2 of the biextension B ⊗n with the trivial torsor G 3 :
Clearly the element φ(m 1 , m 2 ) of G 3 doesn't depend on the choice of the (x i , g i ) for i = 1, 2. Because of the compatibility of u 3 •λ with the trivialization (u 1 , id X2 )
* Ψ 1 we observe that u 3 (λ(x 1 , x 2 )) = n φ(m 1 , m 2 ). Starting from the biextension (B, Ψ 1 , Ψ 2 , λ) we have so defined a morphism
Construction of the De Rham realization of biextensions
We first recall some definitions: Let G i (for i = 1, 2) be a smooth commutative group and let E be an extension of G 1 by G 2 , i.e. if µ :
A ♮-structure on the extension E is a connection Γ on the G 2 -torseur E over G 1 such that the application ν is horizontal, i.e. such that Γ and ν are compatible. A ♮-extension (E, Γ) is an extension endowed with a ♮-structure.
Let G i (for i = 1, 2, 3) be a smooth commutative group and let P be a biextension of (G 1 , G 2 ) by G 3 , i.e. if µ i : G i × G i −→ G i is the group law on G i (for i = 1, 2), P is a G 3 -torseur over G 1 × G 2 endowed with isomorphisms ν 1 : pr * 13 P + pr * 23 P −→ (µ 1 ×Id) * P of G 3 -torseurs over G 1 ×G 1 ×G 2 and ν 2 : pr * 12 P +pr * 13 P −→ (Id×µ 2 ) * P of G 3 -torseurs over G 1 ×G 2 ×G 2 , which are compatible is the sense of [SGA7] Exposé VII (2.1.1). A ♮-1-structure (resp. a ♮-2-structure) on the biextension P is a connection on the G 3 -torseur P over G 1 × G 2 relative to G 1 × G 2 −→ G 2 (resp. G 1 × G 2 −→ G 1 ), such that the applications ν 1 and ν 2 are horizontal. A ♮-structure on the biextension P is a ♮-1-structure and a ♮-2-structure on P, i.e. a connection Γ on the G 3 -torseur P over G 1 × G 2 such that the applications ν 1 and ν 2 are horizontal. A ♮-biextension (P, Γ) is an biextension endowed with a ♮-structure.
The curvature R of a ♮-biextension (P, Γ) is the curvature of the underlying connection Γ: it is an invariant by translation 2-form over G 1 × G 2 with values in Lie (G 3 ), i.e. an alternating form
Since the curvature of the connection underlying a ♮-extension is automatically trivial, the restriction of R to Lie (G 1 ) and to Lie (G 2 ) is trivial and therefore R defines a pairing (called again "the curvature of (P, Γ)") (3.0.13) Υ :
] (for i = 1, 2, 3) be a complex of smooth commutative groups. A ♮-biextension of (K 1 , K 2 ) by K 3 is a biextension of (K 1 , K 2 ) by K 3 (see [B] ) such that the underlying biextension of (B 1 , B 2 ) by B 3 is equipped with a ♮-structure and the underlying trivializations are trivializations of ♮-biextensions. The curvature R of a ♮-biextension of (K 1 , K 2 ) by K 3 is the curvature of the underlying ♮-biextension of (B 1 , B 2 ) by B 3 , or the pairing Υ : Lie (B 1 )⊗Lie (B 2 ) −→ Lie (B 3 ) defined by it.
Lemma 3.0.6. Each extension of a semi-abelian variety by a semi-abelian variety admits a ♮-structure.
Proof. For i = 1, 2 let G i be an extension of an abelian variety A i by a torus T i . From the exact sequence 0 → T i → G i → A i → 0, we have the long exact sequence
According [S60] 7.4 Proposition 4, the group of extensions of a semi-abelian variety by an abelian variety is a torsion group and therefore from the first long exact sequence we have the surjection Ext
Moreover since Ext 1 (T 1 , T 2 ) = 0, from the second long exact sequence we get a second surjection
Putting together these two surjections we have that each extension of G 1 by G 2 comes from an extension of the underlying abelian variety A 1 by the underlying torus T 2 via pull-back and push-down. But each extension of an abelian variety by a torus admits a ♮-structure, and hence by pull-back and push-down we get a ♮-structure on each extension of G 1 by G 2 .
Proposition 3.0.7. Via pull-back and push-down each biextension (B, Ψ 1 
which is endowed with a unique ♮-structure.
Proof. This proof will be done in several steps.
Step 1: In this step we construct a ♮-structure on the biextension of (M
is an extension of G 2 by G 3 , which admits a ♮-structure according to Lemma 3.0.6. Let C g1 be the set of ♮-structures on B g1 . Since two ♮-structures differ by an invariant form on G 2 , C g1 is a torseur under Lie (G 2 ) * . For g 1 ∈ G 1 , the C g1 are the fibers of a Lie (G 2 ) * -torseur C on G 1 . Moreover the Baer'sum of ♮-extensions endowed C with a structure of extension of G 1 by Lie (G 2 ) * . We lift the morphism u 1 : X 1 −→ G 1 to u ′ 1 : X 1 −→ C in the following way: to each x 1 ∈ X 1 we associate the trivial connection of the trivialized extension B u1(x1) . Hence we get a ♮-2-structure on the biextension of ([u
If we take now the pull-back via v we have a ♮-2-structure on the biextension of (M
Taking now the pull-back via M ♮ 2 −→ M 2 we obtain finally a ♮-2-structure on the biextension of (M ♮ 1 , M ♮ 2 ) by M 3 pull-back of (B, Ψ 1 , Ψ 2 , λ). Symmetrically we get a ♮-1-structure on this biextension of (M ♮ 1 , M ♮ 2 ) by M 3 and hence a ♮-structure.
Step 2: Now we show that all biextensions of (M
and so we get a ♮-structure on the biextension of (M 
we can restrict to the step W −1 , i.e. to prove that
Since for j = 0, 1 and i = 1, 2 Ext
(the second equivalence is due to [SGA7] Exposé VIII 1.4 and the third one is due to the Cartan isomorphism). Therefore Biext(G
Step 3: To conclude we have to proved the uniqueness of the ♮-structure of the biextension of (M 
. By definition this connection defines a ♮-structure on this trivial biextension if and only if it is compatible with the two group laws underlying this biextension, i.e. if and only if
with γ 1 and γ 2 bilinear. By construction of the weights filtration, G
. In order to have a ♮-structure on the trivial biextension we have also to require that the connection Γ and the trivializations of the trivial biextension are compatible, and this implies that the restriction of Γ to X 1 × G ♮ 2 is trivial, and therefore also the restriction of γ 1 to X 1 ⊗ Lie (G ♮ 2 ) is trivial. Hence γ 1 = 0. In the same way we can prove that γ 2 = 0 and so Γ = 0.
Explicitly this morphism is the opposite of the curvature Υ : 
Comparison isomorphisms
(there is no ambiguity by calling this last biextension with the same name because of the injectivity proved in Lemma 1.0.3). In the analytic category, the ♮-biextension (B ♮ , Ψ ♮ 1 , Ψ ♮ 2 , λ ♮ ) defines a ♮-structure on the biextension (B, Ψ 1 , Ψ 2 , λ). A ♮-structure on (B, Ψ 1 , Ψ 2 , λ) is at first a connection on the trivial biextension B of (T C (M 1 ), T C (M 2 )) by T C (M 3 ) i.e. a field of forms Γ t1,t2 (t 
